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The hydrogen atom in plasmas with an external electric field
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We numerically solve the Schr€odinger equation, using a more general exponential cosine screened
Coulomb (MGECSC) potential with an electric field, in order to investigate the screening and weak
external electric field effects on the hydrogen atom in plasmas. The MGECSC potential is
examined for four different cases, corresponding to different screening parameters of the potential
and the external electric field. The influences of the different screening parameters and the weak
external electric field on the energy eigenvalues are determined by solving the corresponding
equations using the asymptotic iteration method (AIM). It is found that the corresponding energy
values shift when a weak external electric field is applied to the hydrogen atom in a plasma. This
study shows that a more general exponential cosine screened Coulomb potential allows the
influence of an applied, weak, external electric field on the hydrogen atom to be investigated in
detail, for both Debye and quantum plasmas simultaneously. This suggests that such a potential
would be useful in modeling similar effects in other applications of plasma physics, and that AIM
is an appropriate method for solving the Schr€odinger equation, the solution of which becomes
more complex due to the use of the MGECSC potential with an applied external electric field.
VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4894684]
I. INTRODUCTION
The movement of an electron in a potential created by
þZe charged nuclei is a very important problem for atomic
structure studies. The results obtained from such work are
applied to not only hydrogen (Z¼ 1) but also Heþ(Z¼ 2) and
Liþþ(Z¼ 3) atoms. In addition, if a muon (l) is considered
instead of the electron, the energy spectrum of the artificial
system, the muonic atom, may also be obtained. In fact, as the
hydrogen atom can be considered as a two-body system con-
sisting of the nucleus and an electron, an understanding and
appreciation of its simple structure are crucial when examin-
ing quantum effects in more complex structures. Numerous
studies have been performed in order to investigate this simple
atom, with the intention of determining the energies and wave
functions of the system explicitly. In recent decades, consider-
able effort has been concentrated on the study of atomic proc-
esses in plasma environments, since the plasma screening
effect plays a vital role in plasma-embedded atomic struc-
tures.1–7 For instance, Debye screening plays a crucial role in
dense plasmas, and becomes an important effect in the investi-
gation of plasma environments. Various theoretical methods
have been used in different studies of this area, and many cal-
culations have been applied to show the effects of plasmas on
atomic structure.8–15 Saha and co-workers have investigated
the influence of Debye plasmas on hydrogen atoms by using
the Screened Coulomb (SC) potential.8 Following a pro-
posal16 that the exponential cosine screened Coulomb (ECSC)
potential was more suitable for describing the effective
electron-ion interaction in dense quantum plasmas, Paul and
Ho solved Schr€odinger equation using the generalized expo-
nential cosine screened Coulomb potential.17 More recently, a
more general exponential cosine screened Coulomb potential
(MGECSC) has been used, in order to reveal the screening
effects on the hydrogen atom in both Debye and quantum
plasmas.7 As suggested in Ref. 7, the proposed potential
exhibits a stronger screening effect than that of the exponen-
tial cosine screened Coulomb potential, and it can be reduced
to SC, ECSC, and Coulomb potentials for some certain values
of the parameters in its structure.
The influence of applied external electric fields on the
hydrogen atom has also been investigated. For example, Yu
and Ho have studied the Stark effect on the hydrogen atom in
Debye plasmas,11 and Paul and Ho have calculated the energy
levels and corresponding states of the hydrogen atom under
the influence of the applied external electric field by expand-
ing the wave function in terms of a linear combination of the
basis function.18 In addition, Lin and Ho have examined the
effects of the static electric field on the screened Coulomb
potential by using the complex-coordinate rotation method in
Lagrange-mesh calculations.19
In the present study, we investigate the influence of both
an external electric field and screening on the energy eigen-
values of hydrogen atoms in plasmas. The solutions to the
corresponding Schr€odinger equation with the MCECSC
potential were obtained using the asymptotic iteration
method (AIM). The MCECSC potential provides us with an
opportunity to investigate the influence of external electric
fields on the energies of hydrogen atoms in both Debye and
quantum plasmas. To the best of our knowledge, there has
been no previous study in which the influence of both elec-
tric fields and screening on the energy spectrum of hydrogen,
in both Debye and quantum plasmas, has been taken into
account simultaneously. As such, the results and discussion
presented here should be of interest in the areas of atomic
structure and collisions in plasmas.
In Sec. II, the model used in the current work is briefly
outlined, and AIM and all necessary formula are described in
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Sec. III. In Sec. IV, the application of the model is presented
for four different parameter sets. In Sec. V, the results are
presented and discussed. Finally, Sec. VI is devoted to our
summary and conclusions.
II. MODEL
The radial Schr€odinger equation for a hydrogen atom in
a dense plasma can be written as
 h
2
2m
d2
dr2
 l l þ 1ð Þ
r2
 
 Ze
2
r
er=kD
 
wnl rð Þ ¼ Enlwnl rð Þ;
(1)
where the
lðlþ1Þ
r2 term is the centrifugal potential.
14 The Debye
screening length, which determines the interaction between
the electron and ion in a Debye plasma, is given by kD, and
Ze2
r e
r=kD is the Debye screening potential for a hydrogen
atom. The radial wave function for n/th shell is wnlðrÞ. The
interaction potential for a Debye plasma is the SC potential,
and is given by
V0 rð Þ ¼  Ze
2
r
er=kD : (2)
If one uses the ECSC potential instead of the SC potential in
Eq. (2), the corresponding problem is appropriate for the
determination of interactions in a quantum plasma.
Alternatively, if the MGECSC potential is used rather than
the ECSC potential, the hydrogen atom in plasmas in the
presence of external electric field can be studied
V rð Þ ¼  Ze
2
r
1þ brð Þer=k Cos cr=kð Þ þ eFr Cos h; (3)
where b, c, and k are the screening parameters, F the electric
field strength, and h the angle between F and r. It should be
noted that the Fr Cos h term comes from ~F:~r , and that the k
screening parameter behaves like the kD Debye screening pa-
rameter in the Debye plasma. If ~F:~r is assumed to be Fr
when h ¼ 0, the radial Schr€odinger equation with the
MGECSC potential plus electric field effect can be formu-
lated as

d2
dr2
 l l þ 1ð Þ
r2
þ 2m
h2
Ze2
r
1þ brð Þer=k Cos cr=kð Þ
þ 2m
h2
Fr þ 2m
h2
Enl

wnl rð Þ ¼ 0: (4)
Since Eq. (4) cannot be solved analytically using special
functions, numerical or perturbative methods must be used
in order to solve this equation. One example is AIM, which
can provide a numerical solution for differing potential pa-
rameters. It is noted that for all calculations, for Z¼ 1, the
energy values have been obtained in atomic units
(m ¼ h ¼ e ¼ 1).
In the absence of an electric field, the MGECSC potential
given in Eq. (3) is reduced to the SC, ECSC, and PC (pure
Coulomb) potentials by using certain values of the screening
parameters. For example, quantum plasma effects can be
investigated when b 6¼ 0 and c 6¼ 0 in the MGECSC potential,
whereas if b¼ c¼ 0, then the potential reduces to the SC poten-
tial, and Debye plasma effects can be studied. Alternatively, if
b¼ 0 and c 6¼ 0, then the potential becomes the ECSC poten-
tial, which can be used for the determination of interactions in a
quantum plasma.
III. ASYMPTOTIC ITERATION METHOD
A brief outline of the AIM is given below. More details
can be found in Refs. 20–22. AIM was proposed in order to
solve second-order differential equations given in the form
y00nðxÞ ¼ k0ðxÞy0nðxÞ þ s0ðxÞynðxÞ; (5)
where k0ðxÞ 6¼ 0 and s0ðxÞ; k0ðxÞ are in C1½a; b. The func-
tions of s0ðxÞ and k0ðxÞ are sufficiently differentiable.
Equation (5) has a general solution given by
ynðxÞ ¼ exp 
ðx
aðuÞdu
0
@
1
A
 C2 þ C1
ðx
exp
ðu
½k0ðvÞ þ 2aðvÞdv
0
@
1
Adu
2
4
3
5: (6)
If k> 0, for sufficiently large k, a(x) values can be obtained
from
sk xð Þ
kk xð Þ ¼
sk1 xð Þ
kk1 xð Þ ¼ a xð Þ; (7)
where
kkðxÞ ¼ k0k1ðxÞ þ sk1ðxÞ þ k0ðxÞkk1ðxÞ
skðxÞ ¼ s0k1ðxÞ þ s0ðxÞkk1ðxÞ; k ¼ 1; 2; 3::::n:
(8)
The termination condition of the method, together with Eq.
(7), can be also written as
dkðxÞ ¼ kk1ðxÞskðxÞ  kkðxÞsk1ðxÞ ¼ 0; (9)
where k is the iteration step number and usually larger than
the radial quantum number n. The energy eigenvalues can be
obtained from the roots of Eq. (9). If the corresponding equa-
tions cannot be solved analytically, AIM can be used to solve
it in a numerical way, although if the solutions are deter-
mined numerically, it is not possible to obtain the corre-
sponding eigenfunctions of the system. It should also be
noted that AIM has an advantage in these kinds of solutions,
since the eigenvalues can be obtained directly by transform-
ing the second-order differential equation into a form of
y00 ¼ k0ðxÞy0 þ s0ðxÞy. The exact wave functions are easily
constructed by iterating the values of s0 and k0. The method
employed in this study is general and can be extended to
solve various quantum mechanical problems.23–25
IV. APPLICATION
The Schr€odinger equation, including the total interaction
potential with the centrifugal potential given in Eq. (3), can be
solved numerically using AIM. The corresponding Schr€odinger
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equation can be transformed into the form of Eq. (5), together
with the following reasonable physical wave function:
wnlðrÞ ¼ rlþ1ebrf ðrÞ: (10)
If this proposed physical wave function is substituted into
Eq. (4), and atomic units (m ¼ h ¼ e ¼ 1) are used (to give
Enl in atomic units), the following second-order homogenous
differential equation is obtained:
d2f rð Þ
dr2
¼  2 l þ 1 brð Þ
r
df rð Þ
dr
 e
r=k 2Enl þ b 2 2l þ brð Þð Þ þ 2er=kFr2 þ 2 1þ brð ÞCos cr=kð Þ
er=kr
f rð Þ: (11)
By comparing this equation with Eq. (5), we can determine the values of k0 and s0 using Eq. (8). Then kn and sn are obtained
as follows:
k0 rð Þ ¼  2 l þ 1 brð Þ
r
; (12)
s0 rð Þ ¼  e
r=k 2Enl þ b 2 2l þ brð Þð Þ þ 2er=kFr2 þ 2 1þ brð ÞCos cr=kð Þ
er=kr
: (13)
The energy eigenvalues can be calculated from the quantiza-
tion condition given by Eq. (9). For each of the iterations,
the quantization condition, dkðrÞ, will depend on two varia-
bles, E and r. Equating dkðrÞ ¼ 0, the calculated eigenvalues
should, however, be independent of the choice of r (and this
will actually be the case for most iteration sequences). The
choice of r can be critical to the speed of the convergence of
the eigenvalues, as well as the stability of the process.20,26
When r ¼ r0, the r0 value minimizes the potential V(r) and
maximizes the wave function in Eq. (10). Hence, r0 is taken
as 1=b, which is the maximum of the wave function. Here, b
is an arbitrary parameter that defines the speed of the conver-
gence.27–29 In all calculations, b ¼ 1 was used for the l ¼
0; 1; 2 cases. It has also been confirmed in all calculations
that the energy values converge after about 10 iterations for
l ¼ 0, and about 20 iterations for the l ¼ 1; 2 cases.
Approximately, 50 iterations are required to reach a constant
value.
One effect that must be considered is dynamic screen-
ing, which gives rise to a screening parameter k. This is de-
pendent on the dielectric constant of the plasma. This is
important as the dynamic shielding effect plays a crucial role
in various plasmas, including both weakly coupled and
strongly coupled plasmas.30–39 The screening parameter k,
also known as the shielding parameter, is given as a function
of the plasma temperature T and the number density n,
k ¼ ðe0kBTe2n Þ1=2. Here k and kB are the Debye screening length
and Boltzmann constant, respectively. The screening param-
eter is scaled by ðn=TÞ1=2, where n is the plasma number
density. Since the increase or decrease in the Debye length
has significant effects on the interaction potential, the prop-
erty of a plasma is characterized by the Debye length k.32,40
In the present study, the energies have been obtained in
four different cases, by using different values of the b and c
screening parameters in the MGECSC potential (Secs. IV
and V). As k is scaled by ðn=TÞ1=2, it can be seen that there
are many values of the plasma number density (n) and
plasma temperature (T), which give the same value of k.
Alternatively, the plasma number density (n) and plasma
temperature (T) can be specified by choosing a value of k, by
means of k / ðn=TÞ1=2. This is valid in all figures in this
study. As varying values of n and T are used to model differ-
ent plasmas,40 the results obtained here for different k
screening parameters can in turn be applied to various differ-
ent plasmas, including Tokamak plasmas, the Solar wind,
and the Ionosphere.
A. Case 1: b5 0 and c5 0
When b¼ 0 and c¼ 0 in the MGECSC potential, and k
is taken to be kD, the Debye screening parameter in a Debye
plasma, the potential reduces to the SC potential. As men-
tioned previously, the corresponding potential for b¼ c¼ 0
can be used to define the Debye plasma, as given by Eq. (2).
In this case, the corresponding Schr€odinger equation can be
solved numerically using AIM, and the energy eigenvalues
are obtained for the 1s, 2s, 3s, 2p, 3p, 4p, 3d, 4d, and 5d
states (in terms of atomic units). It is noted that the angle h is
taken to be zero in all calculations. Bound states do not occur
at some values of the applied external electric field, as the
symmetry of the total interaction potential profile of the sys-
tem deteriorates in the physical sense. As seen in Table I,
many quantum states are not bound for various different val-
ues of kD.
If the value of the electric field is limited to F¼ 0.0001,
however, it is seen that there are more bound states in the
system (Table II). The main reason for this is that the applied
external electric field changes the effective potential profile.
B. Case 2: b5 0 and c 6¼ 0
In the absence of the electric field in Eq. (3), the
MGECSC potential reduces to the ECSC potential when
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b¼ 0 and c 6¼ 0. The corresponding Schr€odinger equation
has been solved with k ¼ 100, h ¼ 0, and F¼ 0.0001, and
the energy eigenvalues for the 1s, 2s, 3s, 2p, 3p, and 4p
states are shown for c¼ 0.1, 0.2, 0.3, 0.5, 0.7, and 1 in
Table III.
It is noted that some bound states do not occur for
F¼ 0.002 at k ¼ 50, as shown in Table IV. As discussed
previously, the main reason for this is that the applied
external electric field changes the effective potential
profile.
C. Case 3: b 6¼ 0 and c50
When b 6¼ 0 and c¼ 0 in the MGECSC potential, and k
is assumed to equal kD, the MGECSC potential reduces to
the following potential form:
V rð Þ ¼  Ze
2
r
1þ brð Þer=kD : (14)
With k ¼ 100 and F¼ 0.0001, the corresponding
Schr€odinger equation has been solved, and the energy
TABLE I. Energy values from the SC potential, with F¼ 0.001 and b¼ c¼ 0 (in atomic units).
State k ¼ 10 k ¼ 20 k ¼ 30 k ¼ 40 k ¼ 50 k ¼ 70 k ¼ 100 k ¼ 150
1s 0.4085729 0.4533214 0.4689853 0.4769636 0.4817981 0.4873677 0.4915761 0.4948680
2s 0.0604083 0.0879928 0.1009117 0.1078859 0.1122442 0.1173906 0.1213697 0.1245373
3s 0.0565863 … … … … … … …
2p 0.0690181 0.0859472 0.0994125 0.1065933 0.1110511 0.1162868 0.1203149 0.1235092
3p 0.0540558 … … … … … … …
4p 0.0521835 … … … … … … …
3d … … … … … … … …
4d … … … … … … … …
5d … … … … … … … …
TABLE II. Energy values from the SC potential, with F¼ 0.0001 and b¼ c¼ 0 (in atomic units).
State kD ¼ 10 kD ¼ 20 kD ¼ 30 kD ¼ 40 kD ¼ 50 kD ¼ 70 kD ¼ 100 kD ¼ 150
1s 0.4072093 0.4519667 0.4676324 0.4756112 0.4804461 0.4860159 0.4902245 0.4935165
2s 0.0505824 0.0823859 0.0953790 0.1023803 0.1067514 0.1119092 0.1158945 0.1190655
3s … 0.0208540 0.0301437 0.0357241 0.0394016 0.0439279 0.0475624 0.0505392
2p 0.0470878 0.0812542 0.0947904 0.1019965 0.1064662 0.1117125 0.1157464 0.1189438
3p … 0.0199624 0.0296304 0.0353733 0.0391337 0.0437377 0.0474164 0.0504181
4p … … 0.0109359 0.0148528 0.0177131 0.0214841 0.0246898 0.0274242
3d … 0.0181073 0.0285818 0.0346615 0.0385920 0.0433543 0.0471227 0.0501746
4d … … 0.0100891 0.0142249 0.0172147 0.0211163 0.0244009 0.0271816
5d … … … … … 0.0127001. 0.0153240 0.0177331
TABLE III. Energy values from the ECSC potential, with F¼0.0001, b¼ 0, and k ¼ 100 (in atomic units).
State c ¼ 0:1 c ¼ 0:2 c ¼ 0:3 c ¼ 0:5 c ¼ 0:7 c ¼ 1
1s 0.4902238 0.4902215 0.4902179 0.4902061 0.4901885 0.4901510
2s 0.1158917 0.1158833 0.1158693 0.1158244 0.1157571 0.1156141
3s 0.0475563 0.0475389 0.0475094 0.0474156 0.0472752 0.0469774
2p 0.1157440 0.1157369 0.1157251 0.1156873 0.1156306 0.1155103
3p 0.0474109 0.0473944 0.0473670 0.0472792 0.0471477 0.0468691
4p 0.0246841 … … … … …
TABLE IV. Energy values from the ECSC potential, with F¼ 0.002, b¼ 0, and k ¼ 50 (in atomic units).
State c ¼ 0:1 c ¼ 0:2 c ¼ 0:3 c ¼ 0:5 c ¼ 0:7 c ¼ 1
1s 0.4833004 0.4832917 0.4832772 0.4832309 0.4831615 0.4830139
2s 0.1184914 0.1184586 0.1184038 0.1182288 0.1179666 0.1174110
3s … … … … … …
2p 0.1162780 0.1162499 0.1162031 0.1160534 0.1158293 0.1153542
3p … … … … … …
4p … … … … … …
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eigenvalues of the 1s, 2s, 3s, 2p, 3p, and 4p states are
obtained for b¼ 0.1, 0.2, 0.3, 0.5, 0.7, and 1 (Table V). It
can be seen that the energy eigenvalues of the 1s, 2s, 3s, 2p,
3p, and 4p states decrease with increasing b.
The energy eigenvalues for the 1s, 2s, 3s, 2p, 3p, and 4p
states, for F¼ 0.002 and k ¼ 50, are shown in Table VI.
D. Case 4: b 6¼ 0 and c 6¼ 0
The properties of a quantum plasma may be investi-
gated by solving the Schr€odinger equation for the
MGECSC potential with b 6¼ 0 and c 6¼ 0. In order to deter-
mine the effect of k on the energy eigenvalues for the 1s,
2s, 3s, 2p, 3p, and 4p states, the corresponding Schr€odinger
equation has been solved for b¼ c¼ 0.4 and F¼ 0.002. The
results are shown for k¼ 10, 20, 30, 40, 50, 70, 100, and
150 in Table VII.
In order to show the influence of the applied electric
field on the energy values of the system, the Schr€odinger
equation, including the effective potential shown in Eq. (3),
has been solved for different electric field values. Since
bound states do not occur in the system for every value of
the electric field, only the range F¼ 0–0.03 has been used in
the calculations. The calculated energy eigenvalues for the
1s, 2s, 3s, 2p, 3p, and 4p states for b¼ 1, c¼ 0.1, and k ¼ 40
are shown in Table VIII.
TABLE VI. Energy values from the potential given by Eq. (14), with F¼ 0.002, c¼ 0, and k ¼ 50 (in atomic units).
State b ¼ 0:1 b ¼ 0:2 b ¼ 0:3 b ¼ 0:5 b ¼ 0:7 b ¼ 1
1s 0.5803551 0.6774180 0.7744916 0.9686701 1.1628886 1.4542879
2s 0.2069580 0.2958448 0.3850728 0.5643409 0.7444709 1.0159231
3s … 0.2188395 0.2978634 0.4596514 0.6245941 0.8758576
2p 0.2065457 0.2972092 0.3881893 0.5708931 0.7543764 1.0307227
3p … 0.2197790 0.3003930 0.4652929 0.6332622 0.8889247
4p … … 0.2592098 0.4074013 0.5616023 0.7993860
TABLE V. Energy values from the potential given by Eq. (14), with F¼ 0.0001, c¼ 0, and k ¼ 100 (in atomic units).
State b ¼ 0:1 b ¼ 0:2 b ¼ 0:3 b ¼ 0:5 b ¼ 0:7 b ¼ 1
1s 0.5887404 0.6872591 0.7857806 0.9828318 1.1798939 1.4755067
2s 0.2101366 0.3044816 0.3989187 0.5880358 0.7774347 1.0619806
3s 0.1353362 0.2238374 0.3128686 0.4921094 0.6725300 0.9447873
2p 0.2109276 0.3062036 0.4015638 0.5925050 0.7837007 1.0708948
3p 0.1360648 0.2254346 0.3153269 0.4962655 0.6783531 0.9530569
4p 0.1054845 0.1886020 0.2730471 0.4444969 0.6182620 0.8818383
TABLE VII. Energy values from the MGECSC potential, with F¼ 0.002, b¼ 0.4, and c¼ 0.4 (in atomic units).
State k ¼ 10 k ¼ 20 k ¼ 30 k ¼ 40 k ¼ 50 k ¼ 70 k ¼ 100 k ¼ 150
1s 0.7521328 0.8233306 0.8482621 0.8609723 0.8686798 0.8775651 0.8842840 0.8895429
2s 0.2820065 0.3861571 0.4274550 0.4497335 0.4637120 0.4803251 0.4932880 0.5037080
3s 0.1329730 0.2524255 0.3062582 0.3370383 0.3570833 0.3817792 0.4018529 0.4186419
2p 0.3026902 0.4002072 0.4378479 0.4579510 0.4704978 0.4853464 0.4968874 0.5061376
3p 0.1466621 0.2637328 0.3151265 0.3442678 0.3631701 0.3863923 0.4052263 0.4209590
4p 0.0640993 0.1835723 0.2432112 0.2787272 0.3024586 0.3324514 0.3575823 0.3792892
3d 0.1676441 0.2818344 0.3297911 0.3565091 0.3736652 0.3945564 0.4113485 0.4252691
4d 0.0768318 0.1977892 0.2554144 0.2892066 0.3116046 0.3397271 0.3631472 0.3832824
5d 0.0251815 0.1389549 0.2018280 0.2404440 0.2667085 0.3004619 0.3292979 0.3547247
TABLE VIII. Energy values from the MGECSC potential, with F¼ 0–0.03, b¼ 1, c¼ 0.1, and k ¼ 40 (in atomic units).
State F ¼ 0 F ¼ 0:0001 F ¼ 0:001 F ¼ 0:003 F ¼ 0:005 F ¼ 0:01 F ¼ 0:03
1s 1.4396133 1.4397572 1.4410532 1.4439401 1.4468364 1.4541201 1.4839349
2s 0.9805050 0.9809756 0.9852260 0.9947723 1.0044673 1.0294509 …
3s 0.8212749 0.8220793 0.8293631 0.8458482 0.8627931 0.9077148 …
2p 1.0004671 1.0008517 1.0043256 1.0121305 1.0200611 1.0405197 …
3p 0.8387956 0.8395173 0.8460529 0.8608507 0.8760697 0.9164556 …
4p 0.7329654 0.7339976 0.7433599 0.7646802 0.7868195 0.8471934 …
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In order to study the effect of the direction of the applied
electric field on the energy eigenvalues, similar calculations
have been performed for b¼ 1, c¼ 0.1, k ¼ 40, and with val-
ues of F ranging from 0 to 0.03. The resulting energy
eigenvalues for various different quantum states are given in
Table IX. It can be seen that the energy eigenvalues for the
1s, 2s, 3s, 2p, 3p and 4p states increase as F increases, for
b¼ 1, c¼ 0.1, and k ¼ 40.
It should be noted that although it is possible to calculate
quantum states with any ‘ number and values of the various
parameters within the framework of the present method, the
calculations have been performed for only a limited number
of states. The determination of the many bound states pre-
sented in this study is already sufficient to emphasize the cru-
cial role of the screening parameters in the interaction
potential.
V. RESULTS AND DISCUSSIONS
The energy eigenvalues for the 1s, 2s, 3s, 2p, 3p, 4p, 3d,
4d, and 5d states, obtained for various kD Debye screening
parameters by solving the Schr€odinger equation with the SC
potential in atomic units, are seen in Table I. The MGECSC
potential is reduced to the SC potential if b¼ 0 and c¼ 0,
and if k is considered to be the Debye screening parameter,
kD, in a Debye plasma. This provides a stronger screening
effect on the bound states of the hydrogen atom in a Debye
plasma. From Tables I and II it can be seen that when kD
increases from 10 to 150, the energy values decrease slowly
(for F¼ 0.001 and F¼ 0.0001).
By considering the effects of the applied electric field on
the SC potential, it can be seen that the increase in the
strength of the applied electric field causes a decrease in the
attractiveness of the effective potential. This situation is seen
in Fig. 1(a). In other words, a decrease in the corresponding
bound state energies is the expected result, since the struc-
ture and symmetry of the potential profile changes. In order
to investigate the effects of the kD Debye screening parame-
ter on the bound states of the hydrogen atom in the SC poten-
tial, the total interaction potential profile of system can be
examined. Decreasing kD changes the profile of the effective
potential, as seen in Fig. 1(b). When kD increases, the attrac-
tiveness and the depth of the potential change, resulting in a
decrease in the energy eigenvalues.
The effects of the applied electric field on the energy
levels for kD ¼ 70 and 100 have been compared with the
corresponding values in Table II. It has been found that the
applied electric field causes a slight shift to all energy levels,
as can be seen in Table X. It should be noted that the values
from Ref. 7 were obtained with h ¼ c ¼ 2m ¼ 1 units, so an
adjustment has been made to allow a comparison with the
present work (for which h ¼ c ¼ m ¼ 1).
If the effect of the electric field is ignored, the potential
form of Eq. (3) is reduced to the ECSC potential if b¼ 0 and
c 6¼ 0. This corresponds to the quantum plasma case. In
order to examine the influence of the parameter c on the
energy eigenvalues, the energy values of the 1s, 2s, 3s, 2p,
TABLE IX. Energy values from the MGECSC potential, with F¼(0–0.03), b¼ 1, c¼ 0.1, and k ¼ 40 (in atomic units).
State F ¼ 0 F ¼ 0:0001 F ¼ 0:001 F ¼ 0:003 F ¼ 0:005 F ¼ 0:01 F ¼ 0:03
1s 1.4396133 1.4394694 1.4381756 1.4353071 1.4324476 1.4253366 1.3973931
2s 0.9805050 0.9800347 0.9758170 0.9665354 0.9573727 0.9349392 0.8505685
3s 0.8212749 0.8204714 0.8132817 0.7975602 0.7821624 0.7449007 …
2p 1.0004671 1.0000828 0.9966365 0.9890547 0.9815728 0.9632647 0.8945047
3p 0.8387956 0.8380747 0.8316252 0.8175271 0.8037257 0.7703511 …
4p 0.7329654 0.7319351 0.7227310 0.7026993 0.6831920 0.6363646 …
FIG. 1. Plot of the effective potential (for s states, SC potential plus electric field) for (a) electric field at k¼ 40 and (b) various k screening parameters at
F¼ 0.0001.
TABLE X. Comparison of energy eigenvalues obtained with b¼ c¼ 0 in
the present study and Ref. 7.
F ¼ 0 [Ref. 7] F ¼ 0:0001 [present results]
State kD ¼ 70 kD ¼ 100 kD ¼ 70 kD ¼ 100
1s 0.485865 0.490074 0.486015 0.490224
2s 0.111307 0.115293 0.111909 0.115894
3s 0.042557 0.046198 0.043927 0.047562
2p 0.111210 0.115245 0.111712 0.115746
3p 0.042468 0.046153 0.043737 0.047416
4p 0.019071 0.022313 0.021484 0.024689
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3p, and 4p states were calculated for F¼ 0.0001, b¼ 0, and
c¼ 0.1, 0.2, 0.3, 0.5, 0.7, and 1. As can be seen in Table III,
when the parameter c increases from 0.1 to 1, the energy val-
ues increase very slowly. It can be said that the profile of the
potential form in Eq. (3) for b¼ 0, c 6¼ 0, k ¼ 100, and
F¼ 0.0001 barely changes for c¼ 0.1, 0.2, 0.3, 0.5, 0.7, and
1. The MGECSC potential is reduced to the potential form
of Eq. (14) if b 6¼ 0 and c¼ 0. The influence of the parameter
b on the energies can be seen by investigating Table V.
Here, it is clearly seen that as the b parameter increases from
0.1 to 1, the energy values for a hydrogen atom in a Debye
plasma decrease monotonically.
It is clear in Fig. 2 that when b increases from 0.1 to 0.7,
the potential profile, and thus the localizations of bound
states, changes significantly. The energy value (or its local-
ization in the potential) of the ground state in the effective
potential for b¼ 0.1, is greater than that for b¼ 0.7 (Fig. 2).
In Table VII, it can clearly be seen that when k increases
from 10 to 150, the energy eigenvalues of a hydrogen atom
in a quantum plasma decrease monotonically.
The increase in k significantly changes the interaction
potential profile and this causes a decrease in the energy
eigenvalues, as seen in Fig. 3(a). However, as can be seen in
Table IX, the direction of the applied electric field changes
the potential profile of the system, causing changes in the
localizations of the bound states and thus their energies. As
expected, this change is consistent with the potential profile
seen in Figs. 3(b) and 3(c). Moreover, the results obtained
suggest that the effect of the external electric field on the
energies is same for each of the SC, ESCS, and MGECSC
potentials. While an increase in the strength of the applied
electric field decreases the energy values in the these poten-
tial cases (Tables I, II, and VIII). It can also be seen by
examining Tables VIII and IX that the direction of the
applied electric field affects the energy values significantly.
This is seen more clearly in Figs. 4 and 5. While a positive
applied electric field with F¼ (0–0.03) decreases the energy
values for c¼ 0.1 and b¼ 1, a negative applied electric field
with F¼(0–0.03) increases the energy values (also for
c¼ 0.1 and b¼ 1).
FIG. 2. Effective potential (for s states, a
potential of the form given in Eq. (14)
and an electric field) with k ¼ 100 and
F¼ 0.0001, for various b screening
parameters.
FIG. 3. Effective potential (for s states and MGECSC potential with electric field) for (a) various k screening parameters for F¼ 0.002, b¼ c¼ 0.4, (b) k ¼ 40
and b¼ c¼ 0.4, with (F¼ 0.01) and without (F¼ 0) an electric field, and (c) k ¼ 40 and b¼ 1, c¼ 0.1, with a negative (F¼0.01) and without (F¼ 0) an
electric field.
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Figs. 6–8 show the energy eigenvalues obtained for an
electric field with F¼ 0.0001, for the SC, ECSC, and
MGECSC potentials, respectively. Since the SC potential is
used to model a Debye plasma, Fig. 6 shows the energy
eigenvalues for the 1s, 2s, and 3s states of a hydrogen atom
in a Debye plasma (in atomic units) for kD ¼ 10, 20, 30, 40,
50, 70, 100, and 150. Fig. 7 shows the energy values for the
ECSC potential (with b¼ 0 and c¼ 0.4) for seven different
values of k, for the 1s, 2s, and 3s states (in atomic units).
Fig. 8 shows the energy values obtained from the MGECSC
potential (with b¼ 0.4 and c¼ 0.4) for eight different values
of k, for the 1s, 2s, and 3s states (in atomic units). Both the
ECSC and MGECSC potentials have been used to study a
quantum plasma, but a comparison of Figs. 7 and 8 clearly
shows that since the MGECSC potential includes b, c, and k
screening parameters, it is a more useful probe (than the
ECSC potential) when studying the screening effects on
atomic structure and collisions in a quantum plasma. As can
be seen when comparing Figs. 6–8, the MGECSC potential
exhibits stronger confinement effects than either the SC or
ECSC potential.
FIG. 4. Energy values versus applied electric field (F) for k ¼ 40 and b ¼
1; c ¼ 0:1 (quantum plasma) and b ¼ c ¼ 0 (Debye plasma).
FIG. 5. Energy values versus applied negative electric field (F) for k ¼ 40
and b ¼ 1; c ¼ 0:1 (quantum plasma) and b ¼ c ¼ 0 (Debye plasma).
FIG. 7. The energy levels for various k screening parameters for b ¼ 0; c ¼ 0:4;
F ¼ 0:0001.
FIG. 8. The energy levels for various k for b ¼ 0:4; c ¼ 0:4;F ¼ 0:0001.
FIG. 6. The energy levels for various kD screening parameters for b ¼ c ¼ 0;
F ¼ 0:0001.
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VI. CONCLUSION
For the first time, a MGECSC potential, together with
an applied external electric field, has been studied by solving
the corresponding Schr€odinger equation. The calculations
have been performed for four different conditions, corre-
sponding to alternately changing values of the screening pa-
rameters of the MGECSC potential with an external electric
field, by using the well-known AIM. The MGECSC potential
can be reduced to the SC and ECSC potentials by using cer-
tain values of b and c. This means that the calculations and
formulations used in our work can be applied to many simi-
lar problems in plasma physics. We have shown the influ-
ence of both electric field and screening parameters on the
energies of a hydrogen atom in both Debye and quantum
plasmas, by using the MGECSC potential. In addition, the
use of the MGECSC potential to study the effects of external
fields on the energy values of hydrogen atoms in plasmas is
shown to be advantageous, since it can be used to model the
Debye plasma for c¼ 0 and quantum plasma for c 6¼ 0,
respectively. The energies of hydrogen atoms in quantum
and Debye plasmas with an external electric field have been
calculated by AIM using the MGECSC potential for differ-
ent values and combinations of b, c, and the k screening pa-
rameter. The results obtained from these calculations have
shown that the corresponding energy values shift when a
weak external electric field is applied to a hydrogen atom in
a plasma. Furthermore, the energy eigenvalues for the differ-
ent quantum states decrease as b, the k screening parameter,
and F increase (for positive F). However, increasing the c
screening parameter increases the energy values (again, in
cases with positive F). The main reason for is that the
increase in the c screening parameter leads to a decrease in
the attractiveness of the interaction potential. The results and
discussion presented here are of interest to studies in the
atomic structure and collisions in plasma physics fields.
Finally, we can say that AIM is a powerful and efficient tool
for solving many such kinds of plasma physics problems.
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